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Let 0%(n) = n and c™(n) = o(¢™ 1(n)), where m > 1
and o is the sum-of-divisors function. We say that n is (m, k)-
perfect if o™ (n) = kn. We have tabulated all (2, k)-perfect
numbers up to 10° and all (3, k)- and (4, k)-perfect numbers
upto 2- 102, These tables have suggested several conjectures,
some of which we prove here. We ask in particular: For any
fixed m > 1, are there infinitely many (m, k)-perfect num-
bers? Is every positive integer (m, k)-perfect, for sufficiently
large . > 12 In this connection, we have obtained the small-
estvalue of m such that n is (m, k)-perfect, for 1 < n < 1000.
We also address questions concerning the limiting behaviour
of a™*1(n)/a™(n) and (6™ (n))}/™, as m — oo.

1. INTRODUCTION

All roman letters in this article denote positive in-
tegers, unless indicated otherwise, and o denotes
the sum-of-divisors function.

There is a great deal of literature concerning the
iteration of the function o(n) — n, much of it con-
cerned with whether the iterated values eventually
terminate at zero, cycle or become unbounded, de-
pending on the value of n. See [Erdéds et al. 1990;
Guy 1994, p. 62] for details.

Less work has been done on iterates of o itself.
We define 0°(n) = n and 0™ (n) = o(c™ *(n)) for
m > 1, and we call n (m, k)-perfect if c™(n) = kn.
The classical perfect numbers are (1,2)-perfect.
Multiperfect numbers are (1, k)-perfect, superper-
fect numbers are (2,2)-perfect, multiply superper-
fect numbers [Pomerance 1975] are (2, k)-perfect,
m-superperfect numbers (ascribed by [Guy 1994,
p. 65] to Bode; see also [Lord 1975]) are (m,2)-
perfect.

Write N, = 2°~! when 2? — 1 is a (Mersenne)
prime. Superperfect numbers were introduced by
Suryanarayana [1969], who showed there that the
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only even ones are the powers N,. Bode and Lord,
mentioned above, showed independently that an
m-superperfect number can be even only if m = 2.

For a simple proof of these facts, we note that,
since o(n) =n 3", (1/d), we have

1 1
o-(a(n))znz8 > - (1.1)
din  elo(n)

Suppose n is m-superperfect and 2° || n (that is,
22 | n but 2t {n). Then, for m > 2,

n n 1
2(1+%+“'+52)(1+§ml':‘1)=2-

So as not to have a contradiction, we must have
equality throughout. Thus, m = 2, n = 2% and
201 _ 1 is prime.

Kanold [1969] showed that an odd superperfect
number must be a perfect square. This is similarly
proved, using (1.1). For suppose n is superper-
fect, and that o(n) is even. Say 2° || ¢(n), so that
(21 — 1) | n since n is superperfect. Then

220_((,7&_@2 (L grg) (15 +5) =2

Since we must have equality, we have both o(n) =
2% and n = 2%*! — 1. This contradiction means
that o(n) must be odd, so, if n is odd, then n is a
square.
Other work on the iteration of o has concerned
whether
m
8 = liminf cr___(n)
00 n
is finite or not. See [Maier 1984], where s3 is shown
to be finite, and for the history of this problem.
In this paper, we will give particular attention
to some questions raised in [Erdés et al. 1990].
The authors list the following six statements (re-
produced in [Guy 1994, pp. 97-98]), with the com-
ment: “We can neither prove nor disprove any of
these statements.”

() Foranyn >1,0™"(n)/o™(n) — 1asm — oo.

(i) For any n> 1, 0™*'(n)/oc™(n) — 0o as m — o0.

(iii) For any n > 1, (¢™(n))*™ — oo as m — oo.

(iv) For any n > 1, there is m with n | e™(n).

(v) For any n,l > 1, there is m with I | 6™ (n).

(vi) For any mi,ny > 1, there are m;, my with
o™ (n;) = o™ (ny).

We will give some computational evidence to in-
dicate that statements (ii), (iii), (iv) and (v) are
true, and that statements (i) and (vi) are false.

Hausman [1982] has considered questions corre-
sponding to some of those here for the Euler phi-
function. In particular, she has completely charac-
terised all n such that n = kg™(n), where ¢™ is
defined analogously to o™.

2. TABLES OF (m, k)-PERFECT NUMBERS

Table 1 gives all (2, k)-perfect numbers up to 10°.
In [Cohen and te Riele 1995], we also give all (3, k)-
and (4,k)-perfect numbers up to 2 - 10%. They are
given in terms of increasing values of k. Corre-
sponding lists, given as originally obtained with n
increasing, are available from the authors. All the
following comments arise from inspections of such
lists.

Many conjectures can be made, along the lines of
that in [Guy 1994, p. 48] that there are only finitely
many (1, k)-perfect numbers for £ > 3. That par-
ticular conjecture is well-supported by the list that
has been accumulated by [Schroeppel 1993], show-
ing over 2000 such numbers, which is almost three
times the number that were known just three years
ago, and especially by the facts that no new (1,3)-
perfect numbers have been found in the last 350
years, nor any new (1,4)-perfect numbers in the
last 65 years. On the other hand, if the well-known
conjecture that there are infinitely many powers
N, is true, there are infinitely many (1,2)-perfect
numbers.

There is a parallel situation with (2, k)-perfect
numbers, of which there are families involving the
powers IV,. Besides the well-known result that N,
is (2,2)-perfect, we know that:
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k n k n k n

1 1 8 960 =26.3.5 11 4404480=28.3.5-31-37

2 2=2 8 4092 =2%2.3.11-31 11 57669920 =25.5.7-11-31-151
2 4=22 8 16368 =2%.3.11-31 11 238608384 =2'3.3.7.19-73

2 16 = 24 8 58254 =2-3-7-19-73 12 2200380 =22-3.5-7-13%2-31
2 64 = 26 8 61440 = 212.3.5 12 8801520 =2%-3.5-7.132-31
2 4096 = 212 8 65472 =26.3.11-31 12 14913024 =29-3.7-19.73

2 65536 = 216 8 116508 =22.3-7.19-73 | 12 35206080 =26-3.5-7-132.31
2 262144 = 218 8 466032 =2%-3.7-19-73 | 12 140896000 = 28-53.7.17.37

3 8 =23 8 710400 = 28 .3-52. 37 12 459818240 =28.5.7-19-37-73
3 21=3.7 8 983040 = 216.3.5 12 775898880 =28 .3.5.37-43-127
3 512 = 2° 8 1864128 =26.3.7.19.-73 | 13 57120 =2%-3.5.7-17

4 15=3-5 8 3932160 =2'%.3.5 13 932064 =2°-3.7-19-73

4 1023 =3-11-31 8 4190208 =2!?.3.11-31 13 3932040=23-3.5.7-31-151
4 29127 =3-7-19-73 8 67043328 =216.3.11.31 13 251650560 =2°-.3-5.7-31-151
6 42=2.3.7 8 119304192 =12'2.3.7.19.73 | 14 217728 =27.35.7

6 84=22.3.7 8 268173312 =2'8.3.11-31 14 1278720=28-3%.5.37

6 160 =25.5 9 168 =23.3.7 14 2983680=2%8.32.5.7.37

6 336 =2¢.3.7 9 10752 =2°-3.7 14 5621760 =2'1.32.5.61

6 1344 =26.3.7 9 331520 =28.5-7-37 14 14008320=2'4.3%2.5.19

6 86016 =212.3.7 9 691200 = 210 . 33 . 52 14 298721280 =213.3.5.11-13-17
6 550095=3-5-7-132-31 | 9 1556480 =2'%.5-19 14 955367424 =2'4.32.11.19-31

6 1376256 = 216.3.7 9 1612800 =2%0.32.52.7 15 1058148 =22.32.7.13.17-19
6 5505024 = 218.3.7 9 106151936 = 24 .11-19-31 15 29352960 =210.32.5.72.13

7 24 =28.3 10 480 =25-3. 16 7526400 = 211.3.52.72

7 1536 =29 .3 10 504 =2%.32.7 16 23591520 =25.3%.5.43-127

7 47360 =28 .5-37 10 13824 = 29. 16 55046880 =2%.32.5.7-43-127
7 343976 =2%.19-31-73 10 32256 =29-32.7 18 39352320 =2!1.32.5.7-61

8 60=22.3-5 10 32736 =25.3-11-31 19 312792480 =25-32.5.72.11-13-31
8 240 =24.3-5 10 1980342 =2-3%.7.13%2.31 | 22 83825280 =27.35.5.72.11

TABLE 1.

(A) N, - 3- 7 is (2, 6)-perfect.

(B) Np-3-7-19-73 is (2, 8)-perfect; for p > 2, N,-3-5
and NV, - 3- 1131 are (2, 8)-perfect.

(€ Forp>2,N,-3-5-7-13%-31 is (2, 12)-perfect.

These are particular cases of the following general
result.

Theorem 2.1. Suppose that [ is an odd (2, k)-perfect
number. For any a such that 2° | ko(c(2%)) and
such that o(2*) and o(l) are relatively prime, the
number 201 is (2, 27%ko(0(2%)))-perfect.

Proof. Since I is odd we have o(2%1) = o(2*)o(l),
and since (0(2%),0(l)) =1 we have

All (2, k)-perfect numbers n with n < 10°

o(0(2°0)) = o(c(2%))o(o(l)) = a(o(2%))kl
= 2"%o0(0(2%)) - 2°L. a

As a corollary, when o(2%) is a (Mersenne) prime
the condition 2% | ko(0(2%)) is true and, provided
a(2%) to(l), the number 24/ is (2, 2k)-perfect. The
statements (A), (B) and (C) above all arise from
an application of this theorem to the five nontrivial
examples of odd (2, k)-perfect numbers in Table 1.
Furthermore, we may, for example, apply the more
general result of Theorem 2.1 to the (2,4)-perfect
number 3-7-19 - 73, with a = 5, 9, 13 (but to no
other values of a that we could find). In this way,
we can deduce a family of (2, k)-perfect numbers



