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Rigorous high speed separation of zeros of Riemann's zeta function, II
by

J. van de Lune & H.J.J. te Riele

ABSTRACT

This 1s an intermediate report for the purpose of announcing that the
first 250,000,000 zeros of the Riemann zeta function z(s) in the critical
strip are simple and lie on the line Re(s) = }i. This extends our previous
result that the first 200,000,001 zeros have this property. A listing of the
FORTRAN/COMPASS program is included.
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1. INTRODUCTION

This is an intermediate report for the purpose of announcing that the
first 250,000,000 zeros of the Riemann zeta function r(s) in the critical
strip are simple and lie on the line Re(s) = 4. This result was obtained by
extending the computations (up to zero # 200,000,001) described in report
NW 113 ([31).

In section 2 we present tables similar to those given in section 4 of
NW 113, this time for the range [gZO0,000,000’g249,999,999)'

A listing of the complete FORTRAN/COMPASS program by which the zeros in this
range were separated is given in section 3. Although there are only a few
changes (most of them being explained in section 2) compared with the program
given in NW 113, we have decided to give the full listing for the sake of

completeness.

We hope to extend our computations up to zero # 300,000,000 in the near

future.
2. THE TABLES

In Table 2.1 we list the number of Gram blocks of type (L,k),

1 <L <8, 1<k <1L, in the interval [gZO0,000,000’g249,999,999)’ as actual-
ly counted by our program. These counts are exact now as opposed to the counts
given in NW 113, This was realized by immediately computing ZB(gn) in case
IZA(gn)[ was too small (rather than computing ZA(gn~6) for a few small va-
lues of §, as we did in NW 113).

On the lines with L=2 and L=3 in Table 2.1 we also list the number of
exceptions to Rosser's rule of length 2 (with "0 Q0"-zero pattern) and of
length 3 (with "0 1 0"-zero pattern), respectively. Moreover, on the line
with L=2 we also mention the two blocks with "2 2"-zero pattern found in
relation to the exceptions of type 5 and 6 (cf. Table 2.3). Note the two
exceptions of length 3. Previously, exceptions of length 3 were implicitly
given by KARKOSCHKA & WERNER [2] (viz. B1,089,75],985 and 310,008,051,629)’
although these are far beyond the range covered by our systematic search.

The entries in parentheses are the approximate percentages with respect to



the total number of blocks of length L, given in the final column.

For 2<L<5 our strategy of finding the missing two zeros was the same
as in NW 113. However, in view of the counts in Table 4.1 of NW 113, this
strategy was adapted for Gram blocks of length L26. (The search for the mis-—
sing two was started now in the Gram interval (gn+1,gn+2) or (gn+L—2’gn+L—l)
of the Gram block B = [gn’gn+L) rather than in (gn,gn+]) or (gn+L~1’gn+L)°)
Table 2.1 is our justification of this slightly adapted strategy.

Number of Gram blocks of type (L,k), 1<L<8, I<k<L, in the interval

L2200,000,000°8249, 999,999

k >

L 1 2 3 4 5 6 7. 8 Total

1 34,837,572 34,837,572

2 2,642,082 2,640,298 63 blocks with 0 0 zero-pattern 5,282,445
(50) (50) 2 blocks with 2 2 zero-pattern

3 560,044 62,216 560,871 2 blocks with 0 1 O zero- 1,183,133
(47) (5) 47) pattern

4 104,629 9,870 9,670 104,341 228,510
(46) (4) (4) (46)

5 9,815 2,093 1,054 2,151 9,757 24,870
(39) (8) (4) (9) (39)

6 204 424 126 133 411 205 1,503
(14) (28) (8) (9 (27) (14

7 0 29 21 5 14 33 0 102

8 0 0 ) 0 0 ™ 0 o 2

*) iz, B, for n = 218,164,689 and 211,643,971



