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Rigorous high speed separation of zeros of Riemann's zeta function

by

J. van de Lune,VH.J.J. te Riele & D.T. Winter
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ABSTRACT

This report presents the following result, obtained by extensive com-
putations: the first 200,000,001 zeros of the Riemann zeta function Z(s)
in the critical strip are simple and lie on the line Re(s) =3. This extends
Brent's previous bound 156,800,001.

The FORTRAN/COMPASS program, by which the new bound was obtained, is

included.

KEY WORDS & PHRASES: Riemann hypothesis, Riemann zeta function, Riemann-—

Siegel formula, Rosser's rule
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1. INTRODUCTION

Riemann's zeta function is the meromorphic function z: € \ {1} - C,
which, for Re(s) > 1, may be represented explicitly by

-Ss
n

1

t(s) = , (s = og+it).

I o~ 8

I

It is well known (see TITCHMARSH [21, Chapters II and X]) that
s

2
£(s) = bs(s=D1 ° T(Dz(s)
is an entire function of order 1, satisfying the functional equation
E(s) = E(I‘S),

so that
2(s) := g(3+is),

being an even entire function of order 1, has an infinity of zeros. The

Riemann Hypothesis is the statement that all zeros of Z(s) are real, or,

equivalently, that all non-real zeros of z(s) lie on the "critical" line

¢ = . Since z(s) = Efgj'we may restrict ourselves to the half plane t > O.

To this day, Riemann's Hypothesis has neither been proved nor disproved.
Numerical investigations related to this unsolved problem were initiat-

ed by Riemann himself and later on continued more systematically by the

writers listed below (including their progress).

Investigator I Year The first N complex zeros of z(s)

are simple and lie on o = }

GRAM [10] 1903 N =15
BACKLUND [1] 1914 N =179
HUTCHINSON [12] 1925 N =138




