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Rigorous high speed separation of zeros of Riemann's zeta function, III
by

J. van de Lune & H.J.J. te Riele

ABSTRACT

This is an intermediate report for the purpose of announcing that the
first 300,000,001 zeros of the Riemann zeta function ¢(s) in the critical
strip are simple and lie on the line Re(s) = }. This extends our previous

result that the first 250,000,000 zeros have this property.
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Stegel formula, Rosser's rule



1. INTRODUCTION

This note is a continuation of our report NN 26/82 [2]. The purpose
of the present note is to announce that the first 300,000,001 zeros of the
Riemann zeta function t(s) in the critical strip are simple and lie on the
line Re(s) = }. This result was obtained by extending the computations (up
to zero # 250,000,000) described in [2]. Extending the computations a little
further we found 4 Gram blocks in [gBO0,000,

000° 8300,000,0047 > 211 of them
satisfying Rosser's rule. By applying Theorem 3.2 of BRENT [1] we completed

the proof of our claim.
In fection 2 we present tables similar to those given in Section 2 of

,g300’000,000). The FORTRAN/
COMPASS program by which the zeros in this range were separated is the same

(2], this time for the range [g,,4 499 999

as that explicitly presented in [2].

We hope to extend our computations in the near future.

2. THE TABLES

In Table 2.1 we list the number of Gram blocks of type (L,k),
1 <L <8,1< k<L, in the interval [g249’999,999,g300’000’000). Similarly
as in NN 26/82 these counts are exact. ,

On the lines with L = 2 and L = 3 in Table 2.1 we also list the number
of exceptions to Rosser's rule of length 2 (with "0 0'-zero pattern) and those
of length 3 (with "0 1 O"-zero pattern), respectively. Moreover, on the
line with L = 2 we also mention the three blocks with "2 2"-zero pattern
found in relation to the exceptions of type 5 and 6 (cf. Table 2.3). One
exception to Rosser's rule of length L = 3 was found. Note the occurrence
of two blocks of type (7,1), not observed before, and one block of type
(7,7), which is the second one observed (the first one being Bl95,610,937)'
The entries in parentheses are the approximate percentages with respect to
the total number of blocks of length L, given in the final column.

For all Gram blocks our strategy of finding the "missing two zeros' was

the same as in [2]. Table 2.1 shows the justification of this strategy.



Table 2.1

Number of Gram blocks of type (L,k), 1<L<8, 1<k<L, in the interval

[g249,999,999’g300,000,000)

k >

L

¥ 1 2 3 4 5 6 7 8 Total

1 34,764,288 34,764,288

2 2,643,484 2,643,854 + 63 blocks with O 0 zero-pattern 5,287,404
(50) (50) + 3 blocks with 2 2 zero-pattern

3 565,054 62,319 564,937+ 1 block with 010 zero—-pattern 1,192,311
(47) (3) (&47)

4 107,657 9,992 9,979 107,578 235,206
(46) (4) (4) (46)

5 10,511 2,159 1,123 2,195 10,388 26,376
(40) (8) (4) (8) (39)

6 284 442 137 153 448 256 1,720
(17) (26) (8) (9 (26) (15)

7 2*) 44 21 4 26 3 1 132

8 0 0 1) 0 0 2V 0 o 3

*)viz. Bn’ for n = 258,779,892 282,307,390 299,608,968 respectively.

**) iz, B_, for n = 264,680,348 258,666,950 262,831,140 respectively.

In Table 2.2 we present the 64 exceptions to Rosser's rule in the

range [g249 999.999°8300.000 000), including the local extreme values of
b 2 3 b

S(t). (The definitions of the various types are implicitly given in Table

2.3).



